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Abstract
We report on recent developments towards a relativistic quantum mechanical theory of motion for a
fixed, finite number of electrons, photons, and their anti-particles, as well as its possible generalizations
to other particles and interactions.
1 Introduction
As reported in Part I, the goal of the classical part of our program is to formulate and analyze a gen-
erally covariant joint initial value problem for the motion of massive charged particles, together with the
electromagnetic and gravitational fields that they generate. We believe that proving local well-posedness,
i.e. existence and uniqueness of a solution to this initial value problem, and continuous dependence of the
solution on initial data, is a first necessary step towards the formulation of a deeper quantum theory of
motion, for which the above could serve as the classical limit.
In the second part of our report, we expand on what such a relativistic quantum theory could look like,
and present the results of our preliminary efforts towards achieving our ultimate goal, which is twofold: (1) to
provide an accurate account of empirical electromagnetism in terms of a special-relativistic N -body quantum
theory of electrons, photons, and their anti-particles; and (2) to extend that effort to general relativity by
taking gravitational effects into account.
At the same time, inspired by Einstein’s [12, 13] and Bell’s [3] writings, we want to find out whether it
is possible to formulate such a theory as a generalization of the non-relativistic theory of de Broglie [6] and
Bohm [4] in which the quantum-mechanical wave function ψ guides the actual motion of all the particles
involved.
Our approach to a relativistic quantum theory is based on a number of working hypotheses. Before listing
them, we summarize the assumptions that formed the basis of our approach to the classical theory of motion
of charged particles, as was outlined in Part I of this report:
1. All forms of matter are of a discrete (particulate) nature.
2. Particles, whether feature-less point-particles or structured ones such as ring-particles, have well-defined
world-lines or world-tubes that form the singular boundary of spacetime, in the sense that the spacetime
metric and/or classical fields permeating the spacetime develop a singularity as a point on this boundary
is approached. Moreover, these singularities must be weak enough to give rise to locally integrable field
energy-momentum densities, but not so weak as to be confined to characteristic hypersurfaces (which
are completely determined by the field equations).
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3. The metric of the spacetime satisfies the weak version of the twice-contracted second Bianchi identity
everywhere, including in a neighborhood of any singularity of spacetime (of the type discussed in item
2 above), thus allowing the usual conservation laws of total (i.e. field+particle) energy, momentum,
and angular momentum to hold in a weak sense.
In Part I, we showed how these principles may be used to derive a classical equation of motion for world-
lines of matter particles (which are identified with time-like singularities of spacetime) based entirely on
momentum balance laws.
Our approach to a quantum law of motion begins by replacing the third item above with another set of
hypotheses1 :
3’. The quantum-mechanical wave function of a single particle is a section of a Clifford-algebra-valued
spin bundle over configuration spacetime. Different species of particles are distinguished by their wave
functions at a point in spacetime belonging to different generalized ideals (stable subspaces) of that
Clifford algebra2.
4’. The wave function of a system of N relativistic particles is defined on the N -body configuration
spacetime, and takes its values in a tensor space generated by the tensor product of bases for the
constituent 1-body wave function spaces.
5’. The wave function of a single particle satisfies a relativistic wave equation that is equivariant with
respect to the action of the Poincare´ group on the bundle of frames for the tangent space at any point
in spacetime.
6’. As a consequence of satisfying that wave equation, the wave function of a single particle possesses a
conserved, future-directed, timelike (or causal, if the particle is massless), and normalizable current,
whose component in the normal direction to a given spacelike foliation of spacetime, when evaluated
at a point on a leaf of that foliation gives the probability density of the particle trajectory crossing the
leaf at that point (by the Born rule.) The same holds for the N -particle version of the wave function
and an N -particle tensor current that is jointly conserved.
7’ The motion of a system of N particles is guided by a multi-time wave function defined on the N -
particle configuration spacetime, in accordance with a relativistic generalization of the de Brogile-Bohm
guiding law, such as the Hypersurface Bohm-Dirac Law, in which a conserved N -particle tensor current
evaluated at the actual positions of those N -particles determines their actual velocities.
8’ In the classical limit, the quantum motions converge to those described in part I.
2 Least Invasive Quantization
In this section we demonstrate by way of a very simple example, how it may be possible to continuously
deform a classical law into a quantum law of motion for the same particle.
Consider a particle of (bare) mass m in an external potential V = V (t, q), q ∈ Rd. The relativistic
Lagrangian for the particle’s motion is
`(t, q, q˙) = m(1−
√
1− q˙2)− V (t, q). (2.1)
The corresponding action is
A[q] :=
∫ t2
t1
`(t, q, q˙)dt. (2.2)
1We emphasize that this is a preliminary list based on what we know so far, and is subject to modification and expansion
as our investigations continue.
2See Furey [14, 15] for details on this point of view.
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We define the canonical momentum to be
p :=
∂`
∂q˙
=
mq˙√
1− q˙2 , (2.3)
so the Hamiltonian is
H(t, q, p) = pq˙ − ` =
√
m2 + p2 −m+ V (t, q). (2.4)
The Hamilton equations are therefore
q˙ =
∂H
∂p
=
p√
m2 + p2
, p˙ = −∂H
∂q
= −∂qV (t, q). (2.5)
The Hamilton-Jacobi equation
∂S
∂t
+H(q,
∂S
∂q
, t) = 0, (2.6)
is a first-order nonlinear PDE for the Hamilton-Jacobi phase function S = S(t, q). It arises in the context of
solving Hamilton’s equations by finding a canonical transformation, i.e. a change of variable in phase space
(q, p) such that the transformed Hamiltonian is constant. We note that S is defined on the space of generic
positions of the particle, i.e. it’s a function defined on the configuration space (or configuration spacetime,
in the relativistic setting.)
In the case of our particular example, it’s easy to see that the Hamilton-Jacobi equation has the form of
an eikonal equation:
|∂tS˜ + V |2 − |∂qS˜|2 = m2, S˜ := S −mt. (2.7)
Moreover, this equation is derivable from an action principle: Let % > 0 be another function defined on the
configuration spacetime, set
L := %
(
|∂tS˜ + V |2 − |∂qS˜|2 −m2
)
, (2.8)
and let S := ∫∫ Ldqdt be the corresponding action. It is then obvious that the stationary points of S with
respect to compactly supported variations in % satisfy (2.7). If we now let % be an active variable, and set
the variation of S with respect to S˜ also equal to zero, we obtain the following continuity-type equation for
%:
∂µ(%uµ) = 0. (2.9)
Here µ = 0, . . . , d, indices are raised and lowered using the Minkowski metric η = diag(1,−1, . . . ,−1) on the
configuration spacetime, and we are employing the Einstein summation convention. The covectorfield u is
by definition
u0 := ∂tS˜ + V, ui = ∂qi S˜, (2.10)
so that by (2.7),
uµu
µ = m2. (2.11)
Let us now define a complex-valued field on the configuration spacetime
ψ :=
√
%eiS˜/~. (2.12)
Evidently, using that (%, S˜) satisfy the Euler-Lagrange equations for the stationary points of the action S,
one can derive the equation that ψ must satisfy, which will be a nonlinear PDE.
The goal of a least invasive quantization procedure is to find a continuous deformation of the Lagrangian
L, now thought of as L[ψ], to a nearby Lagrangian L˜[ψ] = L[ψ] + ~2L′[ψ] in such a way that the Euler-
Lagrange equation of the new action corresponding to L˜ is a linear PDE in ψ. This is easily accomplished
by adding a Fisher-like term to L: Let
L˜ := L+ ~2 ∂µ%∂
µ%
4%
. (2.13)
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A computation then shows that
L˜[ψ] = ~2|(∂t + i~V )ψ|
2 − ~2|∂qψ|2 +m2|ψ|2 (2.14)
so that a stationary point ψ will satisfy the linear Klein-Gordon equation(
DµDµ +m
2
)
ψ = 0, Dµ := −i~∂µ +Aµ, (2.15)
which (under appropriate assumptions relating Aµ and V ), is a Lorentz-covariant equation for a massive
spin-0 particle.
It should be noted that in the above admittedly over-simplified setting, V was taken to be an “external”
field, but in order to connect with our program of finding equations of motions for singularities of a dynamic
field, V needs to be determined by the field for which the particle in question is a singularity. For example, if
we are to identify the electron with certain singularities of the electromagnetic field, then the corresponding
V in the wave equation for the electron would have to be determined in terms of that electromagnetic field,
evaluated at generic positions of the electron. For a detailed discussion of a proper least invasive quantization
in the electromagnetic context see [21]. In any case, since the electron is a spin-1/2 particle, the appropriate
wave equation is not Klein-Gordon’s but Dirac’s, so the above process needs to be suitably modified.
Finally, we should note that even though in (2.9) one may formally set ρ := %u0 and vk := uk/u0 to
obtain what looks like a continuity equation for a probability density
∂tρ+ ∂k(ρv
k) = 0 (2.16)
and proceed to derive a Born Rule and guiding law for the particle from it, there is a-priori no reason why ρ
would be non-negative. This suggests that even for spin-0 particles, the Klein-Gordon may not be the correct
equation. Indeed, the lack of a future-directed timelike conserved current for solutions of the Klein-Gordon
equation is a main reason for researchers doubting whether bosons can be treated as particles. We believe
they can, and have already addressed this issue for photons [19]. The question of what the correct wave
equation is for spin-0 bosons will be addressed in a forthcoming publication of ours.
3 Quantum Law of Motion for Point Test Particles
3.1 Point particle in Hoffmann-like spacetimes
We now move on to a more realistic scenario, of a single point charge, thought of as the only time-like
singularity of a static, spherically symmetric 4-dimensional electrovacuum spacetime, i.e. a solution of the
Einstein-Maxwell equations. As was shown in [7], the case where the electromagnetic vacuum law is the
standard, linear law of Maxwell (D = E,H = B) yields a spacetime that is too singular for weak Bianchi
identity to be satisfied at the singularity, so that our third working hypothesis is not satisfied. We showed
however, that there are nonlinear vacuum laws, including the one proposed by Born & Infeld [5], for which
the corresponding static spherically symmetric solution of the Einstein-Maxwell equations (which was fully
analyzed in [23]) does satisfy the weak Bianchi identity. The spacetime that corresponds to the Born-Infeld
vacuum law was discovered by Hoffmann [16] in 1935.
As a first step towards a full-blown two-body quantum-mechanical problem, one may study the dynamics
of a single electron, thought of as a test point charge, placed in the electrostatic and gravitational field of
another, much more massive point charge such as a nucleus, the latter thought of as the central singularity
of a static spherically symmetric spacetime, while the contribution of the former to the geometry of the
spacetime is ignored. At the same time, the Born-Oppenheimer approximation allows one to reduce the
2-body quantum mechanical situation to a single body one. The dynamics of the electron is thus determined
by its wave function that, due to the electron being a massive spin-1/2 particle, satisfies the Dirac equation
on the background spacetime of the nucleus, with the electrostatic field of the nucleus appearing in the Dirac
operator as a minimal coupling term.
4
This program was carried out successfully in [1], where it was shown that the Dirac Hamiltonian on
Hoffmann-like spacetimes is essentially self-adjoint regardless of the nuclear charge, its essential spectrum is
the same as that of the free Dirac operator on Minkowski space, its point spectrum is non-empty and consists
of infinitely many eigenvalues in the gap, accumulating at the right endpoint. Numerical investigations of
this problem are in the works, including comparison of the eigenvalues with those of the Dirac+Coulomb
potential and the Dirac+Born electrostatic potential Hamiltonians on a Minkowski background.
3.2 Point particle in zero-gravity Kerr-Newmann spacetime
As mentioned above, the main obstacle on the path to a well-defined quantum theory that could encompass
both gravity and electromagnetism is that when Maxwell-Lorentz electrodynamics is coupled to Einstein’s
gravity, the infinities inherent in ML cause the spacetime to have curvature singularities that are too strong
for even a weak notion of energy-momentum conservation to hold. In our quest to find a remedy for
the strong curvature singularities of well-known solutions of Einstein-Maxwell equations such as the Kerr-
Newmann solution, another avenue that we have pursued is to work with the zero-gravity limit of such
singular spacetimes. This is a (geometrically well-defined) limit when Newton’s gravitational constant G,
which appears as a parameter in these metrics, is set to zero. The limiting spacetime and the electromagnetic
field on it were analyzed in [22]. It is axially symmetric, static, and locally isometric to Minkowksi space,
but is topologically non-trivial. These facts were already known to Carter [8], who discovered the maximal
analytical extension of the Kerr-Newmann solution. It was also known that the constant time slices of this
manifold are double-sheeted, and have the topology of R3 branched over the un-knot (See Fig. 1.)
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Figure 1: Visualizing the double-sheeted spacelike slices of zero-G Kerr-Newmann spacetime as a branched
cover of the un-knot. Arrows indicate that the top of the disk in one copy of R3 is to be identified with the
bottom of the disk in the other copy.
The spacetime is indeed singular on a 2-dim. timelike cylinder S1×R, which is the world-tube of a ring-
like singularity. The most intriguing aspect of this solution is that at any instant of time the ring singularity,
when viewed from one of the two sheets of space, appears to be positively charged, and from the other sheet,
negatively charged.
As a first step in studying the quantum problem, one may identify the zero-gravity Kerr-Newmann
(zGKN) solution with the spacetime outside a ring-like singularity representing a positively charged particle
such as a proton. Since the metric of zGKN and the electromagnetic field corresponding to it are well known,
it is easy to formulate the quantum dynamics of a test electron placed in the vicinity of the ring singularity
by studying the Dirac equation on the zGKN background. This task was carried out in [17], where it was
shown, using techniques developed in [2, 26], that the pertinent Dirac Hamiltonian is essentially self-adjoint
and its essential spectrum is the same as the standard Dirac operator on Minkowski space. We further
showed that its discrete spectrum is nonempty, provided the radius of the ring is small enough. The ground
state of the Dirac Hamiltonian for the single test electron has support in both sheets of the spacetime, but
is mainly concentrated in the sheet where the ring singularity appears to be positively charged, see Fig. 2,
where the horizontal axis is a radial coordinate that runs from −∞ to 0 in one sheet and 0 to∞ in the other
sheet, while the vertical axis is |ψ|2.
Further analysis showed that the radius of the ring should be of the order of the anomalous mag-
netic moment of the electron, and that given this choice, the full spectrum will be close to the standard
5
Figure 2: Ground state of single-electron Dirac Hamiltonian on a zGKN background
Dirac+Coulomb problem for Hydrogenic atoms. Furthermore, the broken symmetry due to nonzero ring
radius causes the well-known degeneracy in the Dirac spectrum of Hydrogen to be broken, resulting in ef-
fects that are qualitatively similar to Lamb shift and hyperfine splitting, without the need to appeal to QED
methods, see Fig. 3 (axes have the same meaning as in Fig. 2.)
Figure 3: Numerical evidence of a qualitative Lamb shift for Dirac’s Hamiltonian on zGKN. The prameter
a is the ring radius, which here is set equal to electron’s anomalous magnetic moment, measured in units of
the Compton wavelength of electron.
4 Towards a Quantum Law of Motion for Ring-Like Singularities
of Spacetime
Going back to the intriguing feature of the ring singularity of zGKN, i.e. that the same ring is found to have
a positive charge when seen from one of the two sheets of that spacetime, and a negative charge when seen
from the other sheet, one may wonder whether this ring singularity is representing both a particle and its
anti-particle. In [18], extrapolating from the existence of such “bi-particle” structures in General Relativity,
we proposed a novel interpretation of Dirac’s “wave equation for the relativistic electron” in which the
electron and the positron are merely the two different “topological spin” states of a single more fundamental
particle, not distinct particles in their own right. This novel interpretation resolves the dilemma that Dirac’s
wave equation seems to be capable of describing both the electron and the positron in external fields in many
relevant situations, while the bi-spinorial wave function has only a single position variable in its argument,
not two –as it should if it were a quantum-mechanical two-particle wave equation. We formulated a Dirac
equation for such a ring-like bi-particle which interacts with a static point charge located elsewhere in the
topologically non-trivial physical space associated with the moving ring particle. Indeed, for quasi-static
motions of the ring, this equation is nothing but the one we have been discussing in the previous section,
namely Dirac’s equation on the zGKN background! The difference is in the interpretation, since the wave
function in the present case is defined on the configuration space of the center of the ring, which is now
moving with respect to a fixed point charge located on one of the two sheets. See Fig. 4 for a schematic
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illustration of the two interpretations. Furthermore, we showed that the motion of the ring can be governed
by a de Broglie-Bohm type law extracted from the Dirac equation.
0
s
t
0
+
-
+
-
Figure 4: Left: The physical spacetime with a single ring singularity in straight line motion relative to the
rest frame of a designated origin, which in the depicted scenario gets “swept over” by the ring singularity;
Right: Trajectory of a test particle in straight line motion in the static zGKN spacetime having the center
of its ring singularity as the origin (marked 0). The test particle transits through the ring from one sheet to
the other.
Our work in this direction is so far limited to quasi-static motions of the ring, which result in the ring
remaining circular to the leading order, so that its motion can be specified solely in terms of the trajectory
of the center of the circle, together with the evolving unit normal to the plane of the circle. Clearly, much
work remains to be done in order to extend these results to the general case, which would presumably involve
deformations of the ring as it moves.
The next natural step in this direction would be to study the full 2-body quantum problem, either in
the context of nonlinear electrodynamics, or in the zero-gravity context by studying the two-rings analog of
zGKN. Due to the strong nonlinearity of the BI vacuum law however, there is currently no explicit solution
known to the classical 2-body problem, even in the absence of gravity, thus making any progress in that
direction quite difficult. As to the two rings, that analysis is already under way. We know for example that
the space should be four-sheeted (in general, 2N sheets are needed for N ring singularities), and that it is
possible to come up with a Dirac equation for the 2-body wave function (with synchronized times), equipped
with a minimal coupling term that models the electromagnetic interaction of the two rings. It is important
to note however, that there is no chance of “turning gravity back on” in these models, since doing so will
bring back the strong singularities of the type present in the Kerr-Newman spacetime, together with all the
causal pathologies that they entail.
As described in Part I of this report, there are other electromagnetic theories, such as the Bopp-Lande-
Thomas-Podolsky (BLTP) theory, which may allow us to find electromagnetic spacetimes whose singularities
are mild enough so that they can represent charged particles. Once such solutions are known, a least invasive
quantization procedure as outlined in Section 2 could conceivably lead to a quantum law of motion for those
particles. Investigations are currently under way on various aspects of this program.
5 Quantum Laws of Motion for Interacting Point-Particle Systems
As mentioned at the outset, our goal is the eventual formulation of a relativistic quantum-mechanical theory
of motion for a fixed number N of electrons, photons, and their anti-particles in 3+1-dimensional Minkowski
spacetime, and its generalization to other particles and interactions. We are certainly not the first researchers
to state this as our goal, as can be attested to by the following passage in [9]:
“The Compton effect, at its discovery, was regarded as a simple collision of two bodies, and yet the detailed
discussion at the present time involves the idea of the annihilation of one photon and the simultaneous
creation of one among an infinity of other possible ones. We would like to be able to treat the effect as
a two-body problem, with the scattered photon regarded as the same individual as the incident, in just
the way we treat the collisions of electrons.”
7
Such a goal however, of treating electrons and photons on an equal footing, within a quantum-mechanical
framework of a fixed number of particles, has so far remained elusive. Progress has been obstructed in
particular by the lack of a viable candidate for the quantum-mechanical photon wave function and its
pertinent relativistic wave equation which furnishes a conserved probability current for the photon position,
obeying Born’s rule. Recently such a photon wave function and wave equation have been constructed in
[19]. In a forthcoming joint work with M. Lienert [20], we show how the photon wave equation of [19] can be
coupled with Dirac’s well-known relativistic wave equation for the electron in a Lorentz-covariant manner to
accomplish what Darwin has asked us to do: to “treat the effect as a two-body problem, with the scattered
photon regarded as the same individual as the incident, in just the way we treat the collisions of electrons.”
We work with Dirac’s manifestly Lorentz-covariant formalism of multi-time wave functions [10]. For
our N = 2 body problem the wave function Ψ(xph,xel) depends on the two generic spacetime events xel
and xph of the electron and the photon, respectively, which must be space-like separated. Both the Dirac
operator of a free electron [25], and the Dirac-type operator of a free photon constructed in [19], act on
Ψ(xph,xel). Unique solvability of this system of evolution equations requires imposing a suitable boundary
condition at the subset of co-incident events, {xel = xph}. Conservation of the particle currents dictates the
boundary condition, up to a choice in a phase. We prove that the resulting initial-boundary-value problem
is well-posed.
It is intuitively obvious that a boundary condition at co-incident events {xel = xph} amounts to a local
pair interaction between electron and photon in a Lorentz-covariant manner. Our boundary condition is
compatible with the kind of interaction expected for an electron and a photon in Compton scattering. In
particular, when we plot the joint 2-body probability density ρ as a function of generic positions of the two
particles, we observe that, as it evolves in time, the density forms four peaks, corresponding to the wave
function being mostly supported near four distinct configurations: (1) both particles going to the left, (2)
both particles going to the right, (3) particles going away from each other for all time; and (4) particles
initially moving towards each other and “bouncing off” of one another. Indeed the fourth peek appears to
“hit” the boundary and get reflected, see Fig. 5 for snapshots of the evolving density3.
Figure 5: Contour plot of the density ρ in photon-electron configuration space at six consecutive snapshots
of common time t = tel = tph. The photon axis is horizontal, the electron axis vertical.
We have also carried out a limited number of numerical experiments with our system of equations, which
indeed demonstrate the process of Compton scattering, but which also have revealed an unexpected novel
phenomenon: photon capture and subsequent release by the electron. For all practical purposes this scenario
seems indistinguishable from the scenario of an annihilation of a photon, followed by a subsequent emission
of another one. In our quantum-mechanical N = 2-body model the photon of course never gets destroyed
or created, precisely as envisioned by Darwin.
Beyond demonstrating that relativistic quantum mechanics with a fixed finite number N of interacting
particles is feasible, we also formulate the de Broglie–Bohm-type foundations of this Lorentz-covariant quan-
tum model4. This is accomplished by adapting to our interacting 2-body model the so-called “hypersurface
Bohm–Dirac”-type formulation for non-interacting particles [11]. This formulation requires one to specify a
foliation of spacetime by spacelike hypersurfaces. In our model these hypersurfaces are given by a time-like
Killing vector field that is determined self-consistently by the initial data of the wave function. The guid-
ing law for the particles is furnished by the conserved current of our quantum-mechanical multi-time wave
3You can see an animation of the density plot of ρ as a function of the two positions by going to http://sites.math.
rutgers.edu/~shadi/phel1dint_slow.gif
4This should put to rest the often-voiced claim that the de Broglie–Bohm theory could not be made relativistic.
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function. We extend a theorem of Teufel–Tumulka [24], which implies that unique particle motions typically
exist globally in time.
Figure 6: Iinteracting (solid) versus non-interacting (dotted) electron-photon trajectories.
The numerically computed trajectories confirm that our boundary condition causes the particles to scatter
off of one another. See Fig. 6 for example of a two pairs of particles with identical initial conditions, one
evolved according to the free evolution (i.e. without any boundary condition on the coincidence set) and the
other using our boundary condition.
The intriguing phenomenon of photon “capture and release” by the electron that we alluded to in the
above can also be illustrated by the numerically computed electron and photon trajectories, see Fig. 7.
Figure 7: World-lines corresponding to possible capture-and-release phenomena (Different colors correspond
to the photon-electron pair starting at different initial positions that are successively closer to each other.)
Finally, by sampling a large ensemble of random positions distributed according to the initial wave
function, we can also illustrate that the empirical statistics over the possible actual trajectories reproduces
Born’s rule in our model, a consequence of the equivariance of the evolution of the probability densities. See
Fig. 8 and note the four clusters of trajectories that correspond to the four peaks of the joint probability
density that was mentioned in the above.
Figure 8: Electron & photon world-lines corresponding to 100 pairs of typical initial positions.
More numerical investigation is currently under way, to explore various regions in the parameter space
9
for the dynamics (e.g. mass and energy of incident electron, frequency profile of incident photon, their initial
distance, etc.) and to quantify the energy and momentum transfer between the two particles.
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